We analyse models in which additional "controls" or proxies are included in a regression. This might occur intentionally if there is significant measurement error in a key regressor or if a key variable is not measured at all. We develop a test of the hypothesis that a subset of the regressors are all proxying for the same latent variable and we show how an estimate of the structural coefficient might be obtained more efficiently than is available in the current literature.
Testing for a common latent variable in a linear regression: Or how to "fix" a bad variable by adding multiple proxies for it 1 
Introduction
Deliberately misspecifying a regression is hardly ever an optimal strategy. Textbooks deal with various types of nonintentional misspecification, the consequences flowing therefrom and ways of diagnosing the problem. In the most benign case, that of adding an irrelevant regressor, misspecification leads to a loss of efficiency. In other cases, such as the omission of a relevant variable or choice of incorrect functional form, the result of misspecification is inconsistency of the estimates. Measurement error is sometimes incorporated in discussions of specification and this problem too leads to inconsistent estimates. In this article we will suggest that there is an additional type of misspecification currently not recognised in the literature, that of including multiple versions of or proxies for one of the regressors. This focus of interest is on the covariates, it may be tempting to augment the information obtained from the income variable by including various asset variables. We will show below that this strategy can, under certain circumstances, also yield "better" estimates of the coefficient on income.
In order to develop the intuition behind this result more precisely, consider the following regression model
where x is a single variable and Z is a matrix of variables. In certain circumstances investigators are tempted to add additional variables. For instance, in many regressions "control variables" for location are routinely added to individual level regressions. Adding such regressors should not influence the estimation of the parameters in the model, if they are really superfluous. Suppose in particular that we wish to add x 1 where x 1 happens to be correlated with x, such that
If x and Z are correctly measured and equation 1 is the structural model generating the data, then adding x 1 into the regression should lead to an insignificant coefficient on x 1 . In particular if we estimate
then b 1 should be statistically zero. If it is not zero, then we would anticipate that x 1 belongs in the model.
The situation may, however, be more complicated if x is badly measured. If the measured variable is
then estimating the regression with x 0 in place of x may lead to both b 0 and b 1 being statistically significant, even when x 1 does not belong in the structural model. The proxy x 1 3 picks up part of the signal of the latent variable x. Lubotsky and Wittenberg (forthcoming) show that not only is it possible to estimate the model with both proxies for x included, but that the estimate of the coefficient on x, given by
has lower attenuation bias than is achievable by any other linear combination of x 0 and x 1 , including running the regression only on x 0 .
This implies that in the presence of measurement error it would seem preferable to misspecify the regression by including additional proxies for the badly measured variable. Indeed
this is precisely what we propose to do in the empirical section of this paper. We will show how adding in "asset variables" into a regression with a badly measured income variable can considerably strengthen the coefficient obtained on that income variable.
Nevertheless econometric "fixes" hardly ever come at zero cost. In this case problems may arise on two fronts. In the first instance, it may not be true that the asset variables are proxying for income. Instead the asset variables may very well belong in the regression themselves. As noted above, we cannot use tests of significance on the coefficients to decide this matter, because the asset variables may be significant, even though they are proxying for another variable.
Secondly, if any of the variables in the matrix Z are correlated with the "measurement error" terms u 0 and u 1 , then the simple method of moments estimator for ρ 1 proposed by Lubotsky and Wittenberg (forthcoming) becomes inconsistent. Instead one should resort to the "covariates adjusted" estimator. Furthermore the estimated coefficient γ would be subject to an additional bias, over and above the "normal" bias induced by the measurement error.
Consider, for instance, the extreme case in which the structural model is given by y = xβ + zγ + ε 4 and the available variables are x 0 , defined as in equation 3 and the "proxy" x 1 given by
Estimating this regression with x 0 , x 1 and z as explanatory variables, would yield expected coefficients of zero on x 0 , β ρ 1 on x 1 and γ − β ρ 1 on z.
In short one should exercise due care when including additional proxies. The same point, of course, applies to the addition of "control variables". If these control variables are correlated with the variable of interest and there is measurement error in the system, then even a redundant variable can have a sizeable impact on the estimates.
This suggests that establishing whether a set of variables is proxying for a common latent variable would be useful in a number of different contexts. Most frequently it will be of interest to diagnose a new type of misspecification: interpreting the coefficient of a proxy variable as though it had a structural meaning, whereas it is simply reflecting part of the signal that is coming from a variable that is supposedly already included in the regression.
Being able to diagnose this misspecification would aid in the proper interpretation of the coefficients.
In this paper we will introduce a set of procedures which can test for this type of misspecification under a broad set of conditions. In the process we will introduce a more efficient version of the Lubotsky-Wittenberg estimator. Indeed, the empirical examples below can most usefully be seen as extending that work.
The plan of the discussion is as follows. In the next section we introduce the central insight of this paper: that the estimator of ρ in the LW framework can best be thought of as a particular type of instrumental variable estimator. If there are covariates in the model it transpires that more instruments may become available. This in turn opens up the possibility of testing the validity of the moment conditions. We introduce this in section 3.
First we show how the proxies can be tested individually and then, in sections 4 and 5 we do so for the system as a whole. This test of the overidentifying restrictions can be thought of 5 as an omnibus test for all sorts of failures of the model. Acceptance of the null hypothesis,
i.e. of model validity, is equivalent to accepting that the variables tested are all proxying for a common latent variable.
In section 6 we demonstrate the procedures by means of an empirical example based on the South African Time Use Survey. The example shows some of the complexities in applying the technique as well as some of the potential.
The regression with proxy variables and one covariate
Let us consider the model
where we assume that z is measured accurately and cov (x, z) = σ xz is non-zero. We continue to assume that we have two proxy variables
where we assume that the error variables u j are uncorrelated with x, z and ε. The estimated model is
We have selected a different symbol for the coefficient of z to indicate that typically this will not be (not even asymptotically) equal to γ.
As it stands there are no intercepts in this model. We have implicitly projected all variables on a constant, i.e. we are writing the model in deviations form. This means that all the errors will automatically have zero mean, so that E ¡ u j u 0 j ¢ = σ 2 j I n . Hence the movement (at various stages below) between writing the model in terms of covariances or the expected values of products.
6
The empirical information at our disposal is summarised in the following correlation matrix:
We observe that ρ 1 is now overdetermined:
This raises the question as to how to estimate ρ 1 most efficiently.
Consideration of the form of the GMM estimates of ρ 1 given above, suggest that it can be thought of as an instrumental variables estimator in the regression of x 1 on x 0 . We have
Note that this cannot be estimated consistently by OLS, since x 0 is correlated with u 0 and hence υ 1 . Since we have assumed that cov (y, x 1 ) 6 = 0, and cov (y, υ 1 ) = 0 (i.e. neither of the measurement error terms are correlated with any of the terms in the main regression), y is a legitimate instrument for x 1 in this regression. This may seem somewhat surprising given that y is actually the dependent variable in a regression in which x 1 is an explanatory variable. In addition note that if cov (z, x 1 ) 6 = 0 and z is uncorrelated with any of the error terms, then z is also a legitimate instrument. This suggests that the optimal estimation strategy for ρ 1 is to use two-stage least squares, with y and z as instruments for x 0 .
What happens if z is correlated with any of the u j terms? In that case it would clearly be invalid to use z as an instrument. Note, however, that we can write
where by construction υ 1 is now uncorrelated with z. We can estimate ρ 1 and φ 1 in the standard way, using y as an instrument for x 0 and z as an instrument for itself. The estimate of ρ 1 obtained in this way is numerically identical to the "covariate adjusted"
estimator suggested in Lubotsky and Wittenberg (forthcoming) , except that we do not have to obtain the residuals first.
One advantage of writing the proxy in the form of equation 4 is that it is possible to use the estimate of φ 1 to calculate a LW estimate of γ similar to the LW estimate of β. In this case the proxy variable adjusted estimate would be
Although z is not mismeasured, the fact that b 1 is asymptotically nonzero due to the measurement error in x requires this LW adjustment to be made. With the adjustment, however, the overall bias in the estimate of γ would be lower than in any regression with some other linear function of x 0 and x 1 , in particular a regression in which only x 0 is used as an explanatory variable. This follows, by extension, from the results in Lubotsky and Wittenberg (forthcoming).
3 Estimation and testing of ρ and φ proxy by proxy
We will now consider the more general model
where cov (ε, u j ) = 0. Furthermore we assume that E (Z 0 u 0 ) = 0. Since Z is assumed to contain a column of ones this implies that u 0 has mean zero. Consequently x 0 is an instance 8 of "classical measurement error". If this assumption is violated, the LW procedure can still be applied, but the coefficients of the Z variables that are correlated with u 0 will not be correctable by means of the procedure outlined below. We allow the other k proxies for x, viz. x 1 , . . . , x k to be more flexibly defined. In particular we suppose that the deviations from the latent variable x may be systematic and explicable in terms of some of the covariates.
We assume that the matrix of covariates Z can be partitioned as
nto variables Z (i) that have a direct effect on the proxy x i , when controlling for the latent variable x, as well as variables Z −(i) that are correlated with x i only through x. If there is a variable that is orthogonal to x and x i we will include it in Z (i) to remove any ambiguity. It will generally be the case that Z (i) will contain at least a column of ones for the intercept.
With constants in all equations we can assume that all error terms are mean zero. Finally we assume that Z −(i) is also non-empty. Note that in many applications including the ones reported on below we may be able to partition the matrix in the same way for every proxy.
With these assumptions, we can write the i-th proxy as
where
and hence ρ i and the coefficient vector φ i can be consistently estimated by instrumental variables. In addition, provided that Z −(i) is non-empty our estimates are over-determined.
An appropriate estimator for this equation would therefore be the generalised IV estimator, 9 or two-stage least squares estimator
where Z y is the matrix of instruments, i.e.
With these estimates for ρ i and φ i the LW estimates of β and γ will be given by
where b θ j is the unadjusted coefficient on z j in the multiple regression with all the proxies included and where
If Z −(i) is non-empty it is possible to test for the validity of the LW model by means of a test of the overidentifying restrictions. A particularly easy form of such a test is described in Davidson and MacKinnon (1993, p.236) . They show that n times the uncentered R 2 from a regression of the IV residuals on the instruments Z is distributed as χ 2 with degrees of freedom equal to the degree of overidentification. In this case the degree of overidentification is exactly equal to the number of variables in Z −(i) .
The null hypothesis for this test is that the moment conditions in equations 7 are all valid.
This hypothesis could be rejected for a number of reasons:
1. ε is correlated with any of the u i terms 2. one or more of the covariates in Z −(i) is correlated with any of the u i terms 3. The proxy model is misspecified, i.e. it is not the case that
This could be due to either the fact that it is not the case that
or that it is not the case that
The main regression model is misspecified
Most of these would be reasons for being sceptical about the validity of applying the LW model. If the test fails for the second reason, however, it would be possible to re-partition the covariates and include the offending variables in the controls Z (i) . If all covariates end up being included it is, of course, no longer possible to test the model. This may also be an indication that the LW model is of dubious value.
As an aside, we note that the "covariates adjusted" estimator of ρ suggested in Lubotsky and Wittenberg (forthcoming) is identical to the estimate obtained if
of the covariates was a legitimate instrument. We would expect therefore that the procedure outlined above should lead to more efficient estimates than that given in the original paper.
Systems estimation of ρ and φ
According to the model given in equations 5 there are k equations of the type 6 to estimate.
We can "stack" these equations in the standard way:
In the special case where the same control variables Z (i) = Z u are used in every equation the matrix M takes on the particularly simple form
The systems version of the proxy by proxy estimation outlined above would be to define the matrix of instruments
and then define the "2SLS" estimator
which is numerically equal to the proxy by proxy estimation of δ given in equation 8.
This estimator, however, may not be efficient, since the covariance matrix of υ v is not diagonal. It is obvious that the vector υ i and the vector υ j are correlated. In fact a typical covariance between an element of υ i and υ j will be given by cov
This suggests that the system of proxy equations could be more efficiently estimated as a system, taking these cross-equation correlations into account.
A brief consideration of the formal properties of the model shows that the GLS estimator of the system is identical to the three stage least squares estimator described in the literature (Davidson and MacKinnon 1993, Mittelhammer, Judge and Miller 2000) . This means that estimation of δ and hence ρ can proceed with readily available software. Furthermore the asymptotic properties of this estimator are well established.
Nevertheless it is useful to briefly go through the derivation of the estimator, since we will use some of the intermediate results in section 5. We follow the treatment in Mittelhammer et al. (2000, pp.462-465) and develop the estimator as the optimal GMM estimator from the population moment condition
This yields the sample counterpart
and hence the GMM estimator
for some positive definite weighting matrix W. Indeed with W = (Z 0 v Z v ) −1 we get the 13 "2SLS" estimator of equation 15. The optimal weighting matrix, however, is
W is therefore proportional to Σ −1 ⊗ ¡ Z 0 y Z y ¢ −1 and the corresponding GMM estimator is given by
The matrix Σ is unknown, but can be consistently estimated using the residuals from any consistent GMM estimator. The 2SLS estimator (15) is particularly convenient in this regard.
We have
where b υ i and b υ j are the vectors of residuals from the i-th and j-th proxy estimation respectively. Using this in place of Σ gives the estimated weighting matrix
and correspondingly the estimated optimal GMM estimator b δ GM M or three-stage least squares estimator.
In the case where the same control variables Z (i) = Z u are used in every equation, we can substitute equation 13 into equation 19. This yields
14 This, however, is numerically identical to the proxy by proxy estimation of δ by 2SLS! This finding parallels the result that least squares estimation and GLS estimation of a SUR system with identical X matrices are equal (see for instance Mittelhammer et al. 2000, p.453) .
Specification testing
Just as it is possible to test the overidentifying restrictions proxy by proxy, it is possible to do so on the system as a whole. The appropriate test statistic in this case will be given by Mittelhammer et al. 2000, pp.438-9) where c W is given by equation 20 and d is the degree of overidentification, i.e. the number of instruments used in the system as a whole minus the number of moment equations. The test statistic τ can be simplified to
where b υ v is the vector of stacked IV residuals. Now note that this is equivalent to
This is the vector of fitted values from the artificial regression of the residuals b υ v on the matrix of instruments Z v . Hence the test statistic can also be written as
In the trivial case where this estimator is applied to a "system" of only one equation
is not equal to b σ −2 I kn , however, this statistic will not be computable in this manner. Instead,
and let b b υ i refer (in the obvious way) to the vector of fitted values corresponding to the i-th proxy then
If we define the matrix B as
and we note that B is symmetric, it is easy to see that
f the artificial regression fits perfectly, so that b b υ j = b υ j , then B = n b Σ and the test statistic will be kn.
The important point to note is that the calculation of the test statistic does not require the formation of any kn × kn matrices. Indeed provided that one uses the same partition 16 of the Z matrix in each proxy equation there is no need to compute anything other than the proxy-by-proxy two stage least squares estimates and the residuals from them. Even in this case one may want to utilise three stage least squares routines since these conveniently calculate the matrix b Σ. Certainly one will need to do so if one wanted to test restrictions on the ρ vector.
In the case where the same controls are used in each proxy equation it is easy to calculate the degrees of freedom for the hypothesis test. If we let the number of variables that are not
then the degrees of freedom for the test will be d = lk, i.e. the number of instruments (rank (Z) + 1) k used less the number of moment equations, i.e.
(1 + rank (Z u )) k.
The null hypothesis for this test is that the moment condition given in equation 16 holds.
As we noted above, a rejection of the null can occur for a number of different reasons:
• A correlation between ε and any of the u i terms. In this case y would cease to be an appropriate instrument. This implies that the proxy variable x i is not proxying only for the latent variable x, but should be in the main regression.
• A correlation between any of the z j variables used as instruments and any of the u i terms. In this case z j should be treated as a control in equation i and not as an instrument.
• A misspecification of any of the proxy variable equations
• A misspecification of the main regression
In short rejection of the null hypothesis should probably be taken as evidence that the model should be seriously rethought, although it may be technically possible to respecify it in ways that provide consistent estimates of ρ.
6 An application: the demand for sleep among schoolgoing South Africans
In order to explore how these techniques work on real data, we apply them to the problem of estimating the impact of household income on time spent sleeping by young South
Africans. The path-breaking study on the economic determinants of sleep was by Biddle and Hamermesh (1990) . They argued that the length of sleep was not purely biologically determined but responded to economic signals. The opportunity cost of sleep is the wage foregone and so one would expect that high wage earners sleep less than low wage ones. They During each interval individuals could indicate up to three activities that they engaged in.
Activities were coded in terms of a standard activity classification system.
One of the problems with investigating economic relationships on this data set is that the income information is very poor. In this it is not unique: in all surveys there is some trade off between the breadth of issues covered and the quality of information obtained on particular variables. Surveys which ask a simple income question and do not extensively probe are unlikely to get quality income data. This has been shown in the case of South Africa's census data by Alderman et al. (2000) .
The extent of the problem can be seen from so that the measurement error term u 0 has a non-zero mean. This means that the intercept term in the regression will have an additional unknown bias. Furthermore it is plausible that the scale of the measurement error may be correlated with some of the covariates. The LW "corrected" coefficients of these terms should therefore be viewed with some caution.
The scale of the underreporting however also increases the attractiveness of the LW procedure. It seems clear that households with very low reported incomes, but possessing fridges, stoves and televisions must be better off than households without those. Including asset proxies would control for income much better than using the reported income categories alone.
For the purposes of the regressions we have turned the discrete income categories into a continuous variable, by taking the midpoints of the categories and twice the lower bound of the open category. The latter is recommended by Charles Simkins (personal communication), based on the fact that the income distribution at the top end is roughly Pareto with parameter just under two. This adds an additional level of noise to the variable which will, however, be of secondary influence compared to the underreporting shown above.
In column 1 of Table 2 we report a simple regression of minutes spent sleeping during an average night during the school week (Monday to Friday). The sample is restricted only to individuals who are actually observed attending school in the time diaries. The coefficient on log income is around -10, which would translate to a 35 minute difference between children with the median income (R600) and the richest children (R20 000). Adding in the proxies we see a marked drop in this coefficient, but significant coefficients on "fridge" and "tv". The LW estimates in columns (3) through (5) make different assumptions about which covariates 19 are correlated with the proxies and which are independent of the measurement errors. The estimates in column (3) correspond to the "covariates adjusted" LW estimator suggested in Lubotsky and Wittenberg (forthcoming) . This estimator gives by far the largest point estimate, almost four times the size of the original coefficient in column (1). It is impossible to subject this estimator to a specification test, since this model is exactly identified. We note, however, that in line with the poor finite sample performance of just-identified instrumental variable estimates (Davidson and MacKinnon 1993) , the standard errors are much larger than is the case with the other estimates.
We can subject the other two models to specification tests. In column (4) we report not only the LW coefficients (in the column labelled "b") but also the estimates of ρ, the overidentification test statistics τ for each of the proxy equations as well as the associated degrees of freedom and p-values. In this case it is clear that the model is overwhelmingly rejected by the data. The covariates are not independent of the proxies, or some of the proxies belong in the main regression.
In column (5) we have included household size, the number of children in the household and a set of racial dummies as covariates that are likely to be correlated with the proxies.
The remaining covariates are attributes of the child as well as the day of the week and month of the year during which the survey was conducted. It is less plausible that these should be correlated with the assets. Indeed most of the proxy equations would now accept the null hypothesis that the asset in question is proxying for income. However we would still reject the hypothesis that ownership of a television is proxying for income. The systems test would, however, accept that the LW model as a whole is reasonable, at the 5% level.
Nevertheless the coefficient of -27 is perhaps still too large to be plausible. It would correspond to a one-and-a-half hour difference in sleep time between the children with median reported incomes and the richest children. Furthermore the rejection of the overidentification test in the television equation gives pause for thought.
In column (6) we report a simple OLS regression with income and television ownership 20 considered as separate regressors. The coefficient on income shrinks (although it is still statistically non-zero) while television makes a noticeable difference to sleeping times. The LW estimates corresponding to this regression are given in column (7). They give a doubling of the income coefficient compared to column (6) with a small reduction in the size of the television effect. The point estimate on income corresponds to about 48 minutes difference in sleep times between the median income and the top. This seems a more plausible impact, particularly if one bears in mind the additional 23 minutes loss of sleep attendant on owning a television! As this regression performs well on all the specification tests we might be happy to leave the issue. There seem to be two factors that matter: income raises the opportunity costs of sleep, while ownership of a television does so even when controlling for income.
This simple picture is, however, muddied by the results shown in Table 3 . In this table
we have added in two "infrastructure" proxies -use of electricity for lighting and living in a brick dwelling. The LW estimates reported in column (5) correspond to the same model as that accepted by the data in column (7) of Table 1 , except that these additional proxies have been used. In this case, however, the specification test roundly rejects the validity of the model. More particularly it suggests that electricity should be in the main model. It also raises the prospect that perhaps it is not television per se that is important for sleep, but access to electricity and the attendant opportunities. Indeed in looking at the results in column (5) of Table 1 we note that the data suggest that both access to a fridge and access to a stove may be important for sleep over and above income.
In Table 3 we explore two competing hypotheses:
• In columns (1) and (5) we have the hypothesis that only the log of income and television ownership belong in the structural equation. Access to electricity is interpreted in the LW model as just another proxy for mismeasured income. As we have noted above, this model is not supported by the specification tests -either for the "electricity" proxy equation or for the system as a whole.
• In columns (2), (6) and (7) we explore the hypothesis that only the log of income and access to electricity belong in the structural equation. TV ownership is relegated to the status of a proxy for income. This model is accepted by the data at conventional levels of significance. The difference between the LW estimates in columns (6) and (7) is that in the latter case we have used only TV ownership as proxy, i.e. the LW corrections were applied to the "raw" regression shown in column (3). Since there was only one proxy equation, the systems version of the overidentification test is numerically equal to the single equation test. The increase in the coefficient of log income between columns (7) and (6) suggest that the additional proxies do add some information, although they do so with considerable noise. The bootstrap standard errors are much larger with all of the proxies included, suggesting that perhaps one might prefer the estimates contained in column (7).
The procedure that we have employed in adjudicating whether television or electricity are structural is reminiscent of Granger causality tests. Like those tests it is possible for the answers to be less clear cut. The data might have suggested that both variables belong in the main regression or that neither do. Of course tests are hardly ever completely decisive and the power of the tests may be inadequate. For the sceptical reader we provide the results for the model in which both television and electricity are interpreted as belonging in the structural equation. Comparing the estimates in column (3) with the corresponding LW estimates in column (8) we note that the simple OLS results probably understate the importance of income. Some of the effects of income are captured by the coefficients of television and, to a lesser extent, electricity.
Reviewing the evidence available in Tables 2 and 3 we come to the conclusion that a point estimate of around -15 (Table 3 , column 7) probably represents the best guess at the impact of income on sleep. This would correspond to a difference of 52 minutes of sleep per day between kids at the median income versus children in the top income bracket. In addition to this children with electrified houses would sleep 24 minutes a day less. One of the 22 opportunities opened up by larger incomes is, of course, the ability to watch television. So television probably matters -but as an outcome rather than a structural determinant. Indeed an initial look at patterns of television watching reported in Wittenberg (2005) suggests that television viewing may be related to income in inverse U fashion -increasing with income and then decreasing at the top. The richest children probably have many more non-TV opportunities (e.g. internet chat rooms) to while away the nights. In short there are nontechnical reasons for believing that the specification tests have picked out perhaps the most plausible model of all.
Conclusion
The Lubotsky-Wittenberg procedure (forthcoming) is designed to provide a framework for thinking about the relationships between proxies and the underlying latent variables. In particular it allows one to estimate the structural coefficients in a regression analysis. In this paper we have shown how one might estimate the model more efficiently and test for its validity. The empirical application suggests that these tests may be rather good at rejecting inappropriate specifications and picking out more plausible ones. Along the way we have shown that the tests can be used also to adjudicate which of two proxies is "more structural" than the other. Ultimately these techniques are no substitute for thinking about the underlying relationships theoretically. We might have accepted the simple model with only log of income in the main regression on the basis of the omnibus systems test. The point estimate of -27 is pleasingly large, except perhaps implausibly so. By contrast a different author might be convinced on the basis of the fact that television ownership is statistically significant in every one of the proxy regressions that it really is structural.
In short, the LW procedure cannot substitute for proper judgement. It also cannot in any real way "fix" bad data. There is no substitute for quality information. Nevertheless it can be highly suggestive. Depending on which model one prefers, the addition of the proxies leads from a 40% to a 100% (or more!) increase in the size of the coefficients. This sort of 23 difference is sizeable in the context of the models analysed. (4) see (4) see (3) see (4) ( 1 (4) see (4) see (3) see (4) (1. see (4) see (4) see (3) see (4) (3.56) (4) see (4) see (3) see (4) and day of week System Overidentification test 
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